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We propose a dark energy model where a scalar field φ has nonlinear self-interactions in the
presence of a dilatonic coupling with the Ricci scalar. This belongs to a sub-class of theories beyond
Horndeski, which accommodates covariant Galileons and Brans-Dicke theories as specific cases. We
derive conditions under which the scalar sound speed squared c2s is positive from the radiation
era to today. Since c2s remains to be smaller than the order of 1, the deviation from Horndeski
theories does not cause heavy oscillations of gauge-invariant gravitational potentials. In this case,
the evolution of matter perturbations at low redshifts is similar to that in the coupled dark energy
scenario with an enhanced gravitational interaction. On the spherically symmetric background with
a matter source, the existence of field self-interactions suppresses the propagation of fifth force
inside a Vainshtein radius. We estimate an allowed parameter space in which the model can be
compatible with Solar System constraints while satisfying conditions for the cosmological viability
of background and perturbations.
I. INTRODUCTION
The constantly accumulating observational evidence
for a late-time acceleration of the Universe [1–3] implies
that the origin of dark energy may be attributed to some
scalar field degree of freedom or some modification of
gravity from General Relativity (GR) [4]. A canonical
scalar field dubbed quintessence can drive the cosmic ac-
celeration in the presence of a slowly varying potential
[5, 6]. In modified gravitational theories, there exists
also a dynamical scalar degree of freedom arising from
the breaking of gauge symmetries of GR [7, 8].
If we try to construct dark energy models in the frame-
work of supersymmetric theories like string theory, there
are in general couplings between a scalar field and the
gravity sector [9]. The string dilaton φ, for example, is
coupled to the Ricci scalar R in the form F (φ)R with
F (φ) = e−2qφ/Mpl , where q is a constant and Mpl is the
reduced Planck mass [10]. Modified gravitational the-
ories like f(R) gravity [11] can also generate a similar
interaction between R and a gravitational scalar [8].
In the presence of couplings like F (φ)R, the scalar field
mediates an extra force with the matter sector [12, 13].
We require that such a fifth force is suppressed inside
the Solar System for compatibility with local gravity ex-
periments [14]. The chameleon mechanism [15] is one
of the means of suppressing the fifth force in regions of
the high density. The success of this mechanism requires
the large field mass in local regions of the Universe. If
the same field is responsible for the present cosmic ac-
celeration, its mass needs to be very small on cosmo-
logical scales (mφ ∼ 10−33 eV). These conditions put
strong restrictions on the viable form of the scalar poten-
tial [16, 17]. Since the field mass mφ becomes larger in
the past, we need to fine-tune initial conditions of scalar-
field perturbations in such a way that a heavy oscillating
mode induced by the large mass is suppressed relative to
a matter-induced mode [18, 19].
The Vainshtein mechanism [20] is another way for sup-
pressing the fifth force around a matter source, which is
attributed to nonlinear scalar-field self-interactions like
Xφ (where X is the field kinetic energy). Such scalar
self-interactions arise in the Dvali-Gabadadze-Porrati
(DGP) model [21] as a result of the mixture of a lon-
gitudinal graviton φ (brane-bending mode) and a trans-
verse graviton. The Vainshtein mechanism is at work
for a massless scalar, so dark energy models constructed
in this vein are usually free from the existence of heavy
oscillating modes in the early cosmological epoch.
In the Minkowski spacetime the field equation of mo-
tion following from the Lagrangian L3 = Xφ is invari-
ant under the Galilean shift ∂µφ→ ∂µφ+ bµ. There are
other four Lagrangians respecting the Galilean symme-
try, which contain the linear potential L1 = φ and the
kinetic term L2 = X [22]. On the curved background this
symmetry is generally broken, but we can derive five “co-
variant Galileon” Lagrangians with second-order equa-
tions of motion recovering the Galilean symmetry in the
limit of Minkowski space-time [23]. This is achieved by
introducing nonminimal field derivative couplings with
curvature quantities such as X2R and X2Gµν∇µ∇νφ,
where Gµν is the Einstein tensor. The generalization of
covariant Galileons led to the rediscovery of most gen-
eral scalar-tensor theories with second-order equations of
motion [24]– Horndeski theories [25].
The cosmology for the covariant Galileon without the
field potential V (φ) was studied in Refs. [26, 27]. Under
two constraints among coefficients of four Galileon La-
grangians there exists a tracker solution with a de Sitter
attractor [27], along which the field derivative φ˙ with re-
spect to the time t is inversely proportional to the Hub-
ble parameter H . However the field equation of state
for the tracker is away from −1 during the matter era
(wφ = −2), so only the late-time tracking solutions can
be compatible with observational data [28]. Even for
late-time tracking solutions, the covariant Galileon with
2de Sitter attractors is in tension with redshift-space dis-
tortion data [29] due to the large growth rate of matter
perturbations [30]. This tension can be slightly relaxed
without assuming the existence of late-time de Sitter so-
lutions [31].
In this paper, we propose a viable modified gravity
model of dark energy compatible with both cosmolog-
ical and local gravity constraints by generalizing the
covariant Galileon studied in the literature. We per-
form the following generalizations: (1) the linear po-
tential V (φ) = a1φ is considered in the analysis, (2)
the nonminimal coupling F (φ)R and the kinetic term
−(1 − 6q2)F (φ)X/2 with F (φ) = e−2qφ/Mpl are taken
into account, (3) nonlinear field self-interactions beyond
the realm of Horndeski theories are considered.
The generalization (1) implies that the late-time ac-
celeration of the Universe is driven by the potential of
a massless scalar rather than the time derivative φ˙, so
we do not need to resort to late-time tracking solutions
with restricted initial conditions for realizing the cosmic
acceleration. The cosmology with a light mass Galileon
was also studied in the presence of the term L3 = Xφ
[32], but our model involves more general nonlinear scalar
self-interactions presented later.
The generalization (2) allows one for encompassing
Brans-Dicke (BD) theory [33] and dilaton gravity [9] as
specific cases. The nonminimal coupling e−2qφ/MplR in-
duces an interaction between the scalar φ and matter,
but nonlinear field self-interactions can effectively reduce
such an interaction. A similar situation also arises in the
DGP model, where reduction of the 5-dimensional bulk
action to the 4-dimensional brane gives rise to an inter-
action between the brane-bending mode φ and matter as
well as the field self-interaction L3 = Xφ [34]. In fact,
the nonminimal coupling e−2qφ/MplR in the presence of
the Galileon term L3 can reproduce many features of the
DGP model [35].
For the generalization (3) we introduce nonlinear field
self-interactions in the framework of Gleyzes-Langlois-
Piazza-Vernizzi (GLPV) [36] theories whose deviation
from Horndeski theories is weighed by a parameter αH.
Extension of Horndeski theories to GLPV theories on
the flat Friedmann-Lemaˆıtre-Robertson-Walker (FLRW)
background does not increase the number of propagat-
ing scalar degrees of freedom [36, 37]. GLPV theories
exhibit several interesting properties such as the mixing
of scalar/matter propagation speeds [38, 39] and the ap-
pearance of heavy oscillating modes of gravitational po-
tentials [40, 41]. Hence it is of interest to study in detail
whether our model is cosmologically viable without the
problems of instabilities and fine-tuned initial conditions.
Recently, it was found that the model approaching
a nonzero αH at the center of a spherically symmetric
body (r = 0) is plagued by the appearance of a con-
ical singularity [42]. Our model satisfies the condition
αH(r → 0) = 0, so the conical singularity is absent. The
Vainshtein mechanism can be at work in our model, but
it is not clear whether field self-interactions compatible
with cosmological constraints lead to the recovery of GR
in the Solar System. In this paper we elucidate a viable
parameter space in which the model is consistent with
both cosmological and local gravity constraints.
This paper is organized as follows. In Sec. II we present
the Lagrangian of our model, which belongs to a class of
GLPV theories without a conical singularity. In Sec. III
the background cosmology is discussed by paying atten-
tion to the evolution of field self-interacting terms. In
Sec. IV we study the stability of perturbations by deriv-
ing the scalar propagation speed and then investigate the
evolution of gravitational potentials and matter pertur-
bations. In Sec. V we identify a viable parameter space
for the amplitude of nonlinear field self-interactions by
discussing the Vainshtein screening in the Solar System.
Sec. VI is devoted to conclusions.
II. MODEL
Our model belongs to a subclass of GLPV theories [36]
given by a sum of the following three Lagrangians:
L2 = A2(φ,X) , (2.1)
L3 = (C3 + 2XC3,X)φ+XC3,φ , (2.2)
L4 = B4R− A4 +B4
X
[
(φ)2 −∇µ∇νφ∇µ∇νφ
]
+
2 (A4 +B4 − 2XB4,X)
X2
(∇µφ∇νφ∇µ∇νφφ
−∇µφ∇µ∇νφ∇σφ∇ν∇σφ) , (2.3)
with ∇µ is the covariant derivative, A2, C3, A4, B4 are
functions of the scalar field φ and its kinetic energy
X = ∇µφ∇µφ, and B4,X = ∂B4/∂X . If the condition
A4 +B4 = 2XB4,X is satisfied, the Lagrangian (2.3) be-
longs to a subclass of Horndeski theories. To quantify
the departure from Horndeski theories, we introduce the
parameter
αH ≡ 2XB4,X −A4 −B4
A4
. (2.4)
In full GLPV theories there exists an additional La-
grangian L5 to Eqs. (2.1)-(2.3), but we do not take into
account such a contribution in this paper. This is not
only for simplicity but it is attributed to the fact that
the Lagrangian L5 tends to prevent the success of the
Vainshtein mechanism [43, 44].
Choosing the unitary gauge on the FLRW background
in which the scalar field φ depends on the time t alone,
the Lagrangian L can be expressed in terms of geomet-
ric scalars appearing in the 3+1 Arnowitt-Deser-Misner
(ADM) decomposition of space-time. The ADM formal-
ism is based on the line element ds2 = gµνdx
µdxν =
−N2dt2 + hij(dxi +N idt)(dxj +N jdt), where N is the
lapse, N i is the shift, and hij is the 3-dimensional spa-
tial metric [45]. We define the extrinsic curvature and
the intrinsic curvature, respectively, as Kµν = h
λ
µnν;λ
and Rµν = (3)Rµν , where nµ = (−N, 0, 0, 0) is a normal
3vector orthogonal to constant time hyper-surfaces Σt and
(3)Rµν is the 3-dimensional Ricci tensor on Σt. In terms
of the scalar quantities K = gµνKµν , S = KµνKµν , and
R = gµνRµν , the Lagrangian L = L2 + L3 + L4 can be
expressed in the form [36, 46, 47]
L = A2(N, t)+A3(N, t)K+A4(N, t)(K
2−S)+B4(N, t)R ,
(2.5)
where
A3 = 2|X |3/2
(
C3,X +
B4,φ
X
)
. (2.6)
On the FLRW background, we have X < 0 and hence
A3 = 2(−X)3/2C3,X − 2
√−XB4,φ. On the spherically
symmetric and static background (X > 0), it follows
that A3 = 2X
3/2C3,X + 2
√
XB4,φ [42].
Taking into account matter minimally coupled to grav-
ity (described by the Lagrangian Lm), the action in the
unitary gauge on the flat FLRW background can be ex-
pressed as
S =
∫
d4x
√−g L(N,K,S,R; t)+
∫
d4x
√−g Lm , (2.7)
where g is the determinant of gµν and L is given by
Eq. (2.5). In the following we focus on the model de-
scribed by
A2 = −1
2
ω(φ)X − V (φ) , (2.8)
C3 = a3X , (2.9)
A4 = −1
2
M2plF (φ) + a4X
2 , (2.10)
B4 =
1
2
M2plF (φ) + b4X
2 , (2.11)
where a3, a4, b4 are constants, ω(φ), V (φ), and F (φ) are
functions of φ, and Mpl is the reduced Planck mass. The
function A3 reads
A3 = 2|X |3/2
(
a3 +
M2plF,φ
2X
)
. (2.12)
The Lagrangian L with the functions (2.8)-(2.11) can
accommodate several theories known in the literature.
BD theory [33] corresponds to the functions ω(φ) = (1−
6q2)F (φ), F (φ) = e−2qφ/Mpl , V (φ) = 0, a3 = 0, a4 = 0,
b4 = 0 with the BD parameter related to a constant q
as ωBD = (1 − 6q2)/(4q2) [15, 16]. If we transform the
action of BD theory to that in the Einstein frame, the
constant q plays the role of a coupling between the field
φ and nonrelativistic matter. Dilaton gravity [10] is the
special case of BD theory with ωBD = −1, i.e., q2 = 1/2.
For a massless BD field the BD parameter is con-
strained to be ωBD > 4 × 104 from solar-system con-
straints [14], which translates to the condition |q| <
2.5 × 10−3. In the case of BD theory with |q| & 10−3,
we require either a massive scalar potential or nonlin-
ear field self-interactions for the compatibility with local
gravity experiments. Due to the problem of initial con-
ditions associated with a heavy oscillating mode for the
massive scalar, we resort to the latter nonlinear field self-
interactions for suppressing the fifth force inside the Solar
System. In the following we shall focus on the coupling
|q| & 10−3 , (2.13)
in which case the Vainshtein screening is required for the
compatibility with local gravity experiments.
The X2 terms in Eqs. (2.10) and (2.11), which arise
for the covariant Galileon [23], describe such field self-
interactions. The covariant Galileon belongs to a sub-
class of Horndeski theories, in which case there is the
particular relation a4 = 3b4 from the condition αH = 0.
In GLPV theories this relation no longer holds, but it was
found that the Vainshtein mechanism can operate to sup-
press the fifth force even for a4 6= 3b4 [42]. Meanwhile,
even the small departure from Horndeski theories poten-
tially gives rise to a large deviation from it at the level
of cosmological perturbations [39–41], so there should
be some cosmological bound on the parameter αH. In
this paper we shall study a parameter space in which the
model is consistent with both local gravity and cosmo-
logical constraints.
Since we would like to focus on a massless scalar field,
we adopt the linear potential V (φ) = a1φ as it appears
for the Minkowski Galileon [22]. Provided that the initial
displacement of the field is in the range |φ| & Mpl, this
potential can drive the temporal cosmic acceleration. In
Ref. [27] the Galileon cosmology was studied for V (φ) = 0
and q = 0 in the presence of an additional LagrangianL5.
In this case, at the expense of imposing two constraints
among coefficients of each Galileon Lagrangian, it is pos-
sible to realize de Sitter solutions with φ˙ = constant. The
difference from this approach is that we do not impose
such constraints and hence the late-time cosmic acceler-
ation is driven by the linear potential V (φ) = a1φ, but
not by the kinetic term φ˙.
In summary, we focus on the theories given by
Eqs. (2.8)-(2.11), with the functions
ω(φ) = (1− 6q2)F (φ) , (2.14)
F (φ) = e−2qφ/Mpl , (2.15)
V (φ) = a1φ , (2.16)
without necessarily imposing the relation a4 = 3b4. Our
model is not plagued by the problem of a conical singular-
ity at the center of a compact object because it satisfies
the condition αH(r → 0) = 0 [42]. This is not the case
for the model studied in Ref. [40] where αH is a non-zero
constant at r = 0.
III. BACKGROUND COSMOLOGY
On the flat FLRW background described by the line
element ds2 = −dt2 + a2(t)δijdxidxj , the background
equations of motion can be derived by varying the action
4(2.7) with respect to N and a. Taking into account a
perfect-fluid matter with energy density ρ and pressure
P , the resulting equations of motion are given by L¯ +
L,N − 3HF = ρ and L¯ − F˙ − 3HF = −P [46], where
H ≡ a˙/a is the Hubble parameter, F ≡ L,K+2HL,S, and
a bar represents quantities of the background. For the
theories given by the functions (2.8)-(2.12) they reduce,
respectively, to
3M2pl
(
H2F +Hφ˙F,φ
)
=
ω
2
φ˙2 + V + 18a3Hφ˙
3 + 30a4H
2φ˙4 + ρ , (3.1)
M2pl
(
3H2F + 2H˙F + 2HF,φφ˙+ F,φφ¨+ F,φφφ˙
2
)
= −1
2
ωφ˙2 + V + 6a3φ˙
2φ¨
+2a4φ˙
3
[
8Hφ¨+ (3H2 + 2H˙)φ˙
]
− P . (3.2)
In deriving Eqs. (3.1) and (3.2), we have assumed that
the field derivative is in the range φ˙ > 0. The matter
sector obeys the continuity equation
ρ˙+ 3H(ρ+ P ) = 0 . (3.3)
A. Dynamical equations of motion
We study the background cosmology in the presence of
nonrelativistic matter (density ρm and pressure Pm = 0)
and radiation (density ρr and pressure Pr = ρr/3). In
doing so, it is convenient to introduce the dimensionless
variables
x1 =
φ˙√
6MplH
, x2 =
V
3M2plH
2F
,
x3 =
6a3φ˙
3
M2plHF
, x4 =
10a4φ˙
4
M2plF
,
x5 =
√
ρr√
3FMplH
, λ = −MplV,φ
V
. (3.4)
Defining Ωm = ρm/(3FM
2
plH
2) and Ωr = x
2
5, we can
rewrite Eq. (3.1) as
Ωm = 1−(1−6q2)x21−2
√
6qx1−x2−x3−x4−Ωr . (3.5)
The variables defined in Eq. (3.4) obey
x′1 = x1 (ǫφ − h) , (3.6)
x′2 = x2
[√
6(2q − λ)x1 − 2h
]
, (3.7)
x′3 = x3
(
2
√
6qx1 + 3ǫφ − h
)
, (3.8)
x′4 = x4
(
2
√
6qx1 + 4ǫφ
)
, (3.9)
x′5 = x5
(√
6qx1 − 2− h
)
, (3.10)
λ′ =
√
6λ2x1 , (3.11)
where a prime represents a derivative with respect to
N = ln a, and
ǫφ ≡ φ¨
Hφ˙
, h ≡ H˙
H2
. (3.12)
Taking the time derivative of Eq. (3.1) and solving for φ¨
and H˙ , we obtain
ǫφ = [3
√
6x21{5x3 − 20 + 2q2(20 + 5x3 − 4x4) + 12x4}+ 12qx31{25− 2x4 + 6q2(2x4 − 5)}+
√
6{−24x2x4
+3x3(x4 − 5x2 − 5) + (5x3 + 8x4)x25} − 12x1{λx2(x4 − 5) + 5q(1 + 3x2 + 2x3 + 3x4 − x25)}]/(
√
6D), (3.13)
h = −[30(1− 8q2 + 12q4)x41 + 15x23 + 2
√
6q(6q2 − 1)x31(5x3 + 8x4 − 10) +
√
6x1{5x3(2q − λx2) + 8x4(q − λx2)}
+10x3(3− 3x2 + 3x4 + x25) + 12x4(3 − 3x2 + x4 + x25) + 2x21(15− 15x2 + 30x3 + 39x4 + 5x25)
−60qx21{λx2 − q(1 + 3x2 − 2x3 − 3x4 − x25)}]/D , (3.14)
D = 5x3(4 + x3) + 12(2 + x3)x4 + 8x24 + 4
√
6qx1(5x3 + 8x4) + 4x
2
1{5 + (6q2 − 1)x4} . (3.15)
If λ is a constant, i.e., for the exponential potential
V (φ) = V0e
−λφ/Mpl , the fixed points can be derived by
setting x′i = 0 in Eqs. (3.6)-(3.10). For the linear poten-
tial (2.16), the parameter λ reads
λ = −Mpl
φ
. (3.16)
We focus on the case in which the field evolves along the
potential (2.16) with a1 < 0. Provided φ < 0, we have
that V (φ) > 0 and λ > 0. As φ approaches 0 from φ < 0,
the variable λ continues to grow. The late-time cosmic
acceleration can be realized for λ . 1, so the initial field
displacement needs to be in the range |φ| &Mpl.
B. Instantaneous fixed points for a3 = a4 = 0
As long as the variation of φ is not large such that
λ˙/(Hλ) . 1 (which translates to the condition
√
6λx1 .
1), the fixed points of the system (3.6)-(3.10) can be
5regarded as instantaneous ones [48]. For the theories
with a3 = a4 = 0 and λ . 1, there exist the follow-
ing instantaneous fixed points relevant to (a) radiation-
dominated, (b) matter-dominated, and (c) scalar-field-
dominated epochs.
(a) (x1, x2, x5) = (0, 0, 1) , (3.17)
(b) (x1, x2, x5) =
(
−
√
6q
3(1− 2q2) , 0, 0
)
, (3.18)
(c) (x1, x2, x5)
=
( √
6(4q − λ)
6(4q2 − λq − 1) ,
6− λ2 + 8qλ− 16q2
6(4q2 − qλ− 1)2 , 0
)
. (3.19)
The parameters Ωm, Ωr, ΩDE = 1 − Ωm − Ωr, and the
effective equation of state weff = −1−2H˙/(3H2) for each
point are given, respectively, by
(a) Ωm = 0, Ωr = 1, ΩDE = 0, weff =
1
3
, (3.20)
(b) Ωm =
3− 2q2
3(1− 2q2)2 , Ωr = 0,
ΩDE =
2q2(6q2 − 5)
3(1− 2q2)2 , weff =
4q2
3(1− 2q2) , (3.21)
(c) Ωm = 0, Ωr = 0, ΩDE = 1 ,
weff = −20q
2 − 9qλ− 3 + λ2
3(4q2 − qλ− 1) . (3.22)
The point (b) corresponds to the φ-matter-dominated-
epoch (φMDE) [49] in the Jordan frame [16]. We require
the condition |q| ≪ 1 to mimic the standard matter era
(Ωm ≃ 1 and weff ≃ 0). For a positive field kinetic energy
(φ˙ > 0), the φMDE is present if
q < 0 . (3.23)
We shall focus on this case throughout this paper. In the
context of coupled dark energy, the model with negative
q of the order of −0.01 is even favored from the Planck
data [50] (the opposite notation of q is used in Ref. [50]).
The point (c) can lead to the cosmic acceleration
(weff < −1/3) for
−
√
2 + 4q < λ <
√
2 + 4q . (3.24)
Provided that the parameter λ = −Mpl/φ satisfies the
condition (3.24), the Universe enters the accelerated
epoch. As φ approaches 0 the condition (3.24) starts
to be violated, so the cosmic acceleration ends at some
point. In summary, for the theories with a3 = a4 = 0,
we have the cosmological sequence of instantaneous fixed
points (a)→(b)→(c) with a final exit from the accelerat-
ing regime.
C. Cosmological dynamics for a3 6= 0, a4 6= 0
Let us discuss the cosmological dynamics for the the-
ories with a3 6= 0 and a4 6= 0. We begin with the study
about the behavior of terms x3 and x4 relative to the
standard normalized kinetic term x21. During the radia-
tion and the deep matter eras, we consider the situation
in which the parameters x21, x2, x3, x4 are much smaller
than 1 with |q| < O(1). From Eqs. (3.13) and (3.14) it
then follows that
φ¨
Hφ˙
≃ −15(4x
2
1 + x3) + (5x3 + 8x4)x
2
5 + β
4(5x21 + 5x3 + 6x4)
, (3.25)
H˙
H2
≃ −3
2
− 1
2
x25 , (3.26)
where β = −10√6qx1(1 − x25). The term β gives rise
to a positive contribution to φ¨/(Hφ˙) for x1 > 0 and
x25 < 1. Under the conditions x
2
1 ≫ {|x3|, |x4|} we have
φ¨/(Hφ˙) ≃ −3 − √6q(1 − x25)/(2x1). Substituting this
relation and Eq. (3.26) with x5 ≃ 0 into Eq. (3.6), it
follows that there exists the φMDE characterized by x1 ≃
−√6q/3. This shows that, for x21 greater than |x3| and
|x4|, the presence of coupling q leads to the approach to
the φMDE. Since x3/x
2
1 ∝ Hφ˙/F ∝ H2/F and x4/x21 ∝
(Hφ˙)2/F ∝ H4/F during the φMDE, both x3 and x4
decrease rapidly relative to x21. Hence the cosmological
dynamics is similar to that for a3 = a4 = 0.
Let us consider the case in which the terms |x3| and
|x4| are larger than the order of x21 during the radiation
era (x5 ≃ 1 and H˙/H2 ≃ −2). If x3 is the dominant con-
tribution to Eq. (3.25), it follows that φ¨/(Hφ˙) ≃ −1/2.
Integrating Eq. (3.6), (3.8), and (3.9), we obtain the so-
lutions x1 ∝ e3N/2, x3 ∝ eN/2, and x4 ∝ e−2N , respec-
tively. If x4 is the dominant term in Eq. (3.25), we have
that φ¨/(Hφ˙) ≃ 1/3 and hence x1 ∝ e7N/3, x3 ∝ e3N ,
and x4 ∝ e4N/3. In both cases, the terms x3 and x4
evolve slowly compared to x21. In the above estimation
we have ignored the contribution from β, but this works
to enhance the growth rates of x1, x3, and x4 due to
the increase of φ¨/(Hφ˙). Note that x1 does not grow for
the theories with a3 = a4 = 0 and q = 0, in which case
φ¨/(Hφ˙) = −3 and x1 ∝ e−N .
In Fig. 1 we plot the evolution of x21, x2, x3, x4 for q =
−0.02 with the initial conditions satisfying x4 ≫ x3 ≫
x21. As estimated above, the growth rate of x
2
1 during the
radiation-dominated epoch is larger than those of x3 and
x4. The variable x3 also increases faster than x4. For
the initial conditions employed in Fig. 1, x21 catches up
with x3 and x4 by the end of the radiation era, which
is followed by the φMDE characterized by x21 ≃ 2q2/3.
As we already mentioned, the ratios x3/x
2
1 and x4/x
2
1
during the φMDE are proportional to H2 and H4 for
nearly constant F , respectively, so that they decrease as
x3/x
2
1 ∝ t−2 and x4/x21 ∝ t−4. This property can be
clearly seen in Fig. 1.
While we have chosen the coupling q = −0.02 in Fig. 1,
the larger values of |q| like |q| > O(0.1) give rise to a
stronger modification to the distance to the last scat-
tering surface of Cosmic Microwave Background (CMB).
This is analogous to what happens in the coupled dark
energy scenario [2, 50], so the coupling |q| would be
6Figure 1. Evolution of x21, x2, x3, x4 (top) and Ωr, Ωm, ΩDE,
weff , wDE (bottom) versus 1+z for q = −0.02 with the initial
conditions x1 = 1.66× 10
−13, x2 = 7.02× 10
−25, x3 = 6.51×
10−22, x4 = 1.54 × 10
−18, x5 = 0.99985, and λ = 0.3 at the
redshift z = 1.02×107 . The present epoch (z = 0) is identified
by ΩDE = 0.68.
smaller than the order of 0.1. To put precise constraints
on q, we require a joint analysis based on CMB and other
data, but this is beyond the scope of our present work.
Even though the potential energy V (φ) gets larger than
the kinetic energy φ˙2/2 (i.e., x2 > x
2
1) in the numerical
simulation of Fig. 1 (around the redshift z ≡ 1/a− 1 =
20), the cosmic acceleration starts to occur at a later
epoch after the potential energy dominates over the mat-
ter energy density (i.e., x2 & Ωm). In the bottom panel
Figure 2. The same as Fig. 1, but the different choice of a4
such that x4 = 1.0× 10
−6 at the redshift z = 1.03 × 107.
of Fig. 1 we plot the evolution of weff as well as the den-
sity parameters ΩDE, Ωm, and Ωr. The effective equa-
tion of state evolves from weff ≃ 1/3 (radiation era) to
weff ≃ 0 (matter era), and then it enters the epoch of
cosmic acceleration (weff < −1/3) around z = 0.6. Since
H does not vary much after the onset of cosmic accelera-
tion, the ratios x3/x
2
1 and x4/x
2
1 stay nearly constant in
this regime.
We introduce the energy density ρDE and the pressure
PDE of dark energy by rewriting Eqs. (3.1) and (3.2), as
3M2plH
2F0 = ρDE + ρ , (3.27)
M2pl
(
3H2F0 + 2H˙F0
)
= −PDE − P , (3.28)
7where F0 is the present value of F . Note that ρDE
and PDE obey the standard continuity equation ρ˙DE +
3H(ρDE + PDE) = 0. The dark energy equation of state
wDE = PDE/ρDE is related to weff , as
wDE =
weff − (Ωr/3)(F/F0)
1− (Ωm +Ωr)(F/F0) . (3.29)
During the radiation-dominated epoch (weff = 1/3, Ωr =
1, Ωm = 0), this simply reduces to wDE = 1/3. For the
φMDE characterized by Eq. (3.21), it follows that
wDE =
4q2(1 − 2q2)
3(1− F/F0)− 2q2(6− 6q2 − F/F0) , (3.30)
where F/F0 is smaller than 1 (because F increases in
time). If the term 3(1 − F/F0) is the dominant contri-
bution to the denominator of Eq. (3.30), it follows that
wDE ≃ weff/(1 − F/F0) > weff ≃ 4q2/3. In fact, the
numerical simulation of Fig. 1 shows that wDE > weff
during the φMDE. After x2 gets larger than x
2
1 around
z = 20, wDE starts to decrease to negative values. In
Fig. 1 the decrease of wDE occurs earlier than that of
weff .
Since the field evolves along the linear potential, the
Universe eventually enters the epoch in which the param-
eter λ does not satisfy the condition (3.24). In Fig. 1 we
find that both wDE and weff begin to increase after reach-
ing their minima. This increase comes from the fact that
the field starts to evolve faster along the potential. After
Ωm decreases sufficiently, Eq. (3.29) shows that wDE is
practically identical to weff . The cosmic acceleration fi-
nally terminates after weff crosses the value−1/3 again in
the future. For decreasing |q| the value x21 corresponding
to the φMDE is smaller, so the transition from the accel-
eration to the deceleration occurs at a later cosmological
epoch.
The numerical simulation of Fig. 1 corresponds to the
case in which x21 catches up with x3, x4 around the end
of the radiation era. For larger values of a3 and a4, it
happens that the terms x3 and x4 dominate over x
2
1 even
in the matter era. In Fig. 2 we show such an example,
where the initial condition of x4 is chosen to be much
larger than that used in Fig. 1. In this case, x4 dominates
over x21 by the redshift z ≈ 10, after which x4 and x3
decrease by the onset of cosmic acceleration.
From the lower panel of Fig. 2 we find that the con-
tribution of x4 to ΩDE is quite large even in the early
matter era, which leads to the suppression of Ωm. More-
over, the dark energy equation of state wDE exhibits a
peculiar evolution around x21 ≈ x4. If we choose larger
initial values of x4 than that used in Fig. 2, we do not
have a proper matter-dominated epoch due to the sup-
pression of Ωm. To avoid this behavior for |q| . 0.1, the
present value of x4 is constrained to be
x4(z = 0) . 10
−6 . (3.31)
Strictly speaking, this upper bound tends to decrease
for smaller |q|, but even for |q| ≪ 1, it is at most of the
order of 10−7. If we consider the case where x3 dominates
over x21 and x4 after the radiation era, the condition for
realizing an appropriate matter-dominated epoch is given
by
x3(z = 0) . 10
−4 . (3.32)
The conditions (3.31) and (3.32) should be regarded as
approximate criteria for the validity of our model at the
background level.
IV. DYNAMICS OF COSMOLOGICAL
PERTURBATIONS
We proceed to the discussion of cosmological pertur-
bations to put further constraints on the parameters of
our model. On the flat FLRW background, we consider
four scalar metric perturbations A, ψ, ζ and tensor per-
turbations γij given by the line element
ds2 = −(1 + 2A)dt2 + 2∂iψdtdxi
+a2(t)[(1 + 2ζ)δij + γij ]dx
idxj . (4.1)
The scalar perturbation E appearing as a form ∂i∂jE
in (4.1) is set to 0 for fixing the spatial part of gauge-
transformation vector. We also choose the unitary gauge
δφ = 0 to fix the temporal gauge-transformation vector.
A. Tensor perturbations
Expanding the action (2.7) up to quadratic order in
tensor perturbations, the resulting second-order action is
given by [46, 51]
S
(h)
2 =
∫
d4xa3qtδ
ikδjl
(
γ˙ij γ˙kl − c
2
t
a2
∂γij∂γkl
)
, (4.2)
where
qt ≡ L,S
4
=
1
2
M2plF
(
1− x4
5
)
, (4.3)
c2t ≡
L,R
L,S
=
5 + sx4
5− x4 , (4.4)
and
s ≡ b4
a4
. (4.5)
The conditions for avoiding ghosts and Laplacian insta-
bilities correspond to qt > 0 and c
2
t > 0, respectively. As
we have seen in Sec. III, the term x4 is much smaller than
1. Then, the tensor ghost is absent under the condition
F > 0. For s at most of the order of 1 (which includes
the case s = 1/3 of Horndeski theories), the propagation
speed squared c2t is very close to 1 in the regime |x4| ≪ 1.
The parameter αH defined by Eq. (2.4) reduces to
αH =
x4
5− x4 (1− 3s) , (4.6)
which is of the order of x4 for |s| . O(1). Hence the
deviation of c2t from 1 is the same order as αH.
8B. Propagation speeds of scalar perturbations
Expansion of the action in GLPV theories up to
quadratic order in scalar perturbations was carried out
in Refs. [38–40]. In this approach, the perfect fluids
of radiation and nonrelativistic matter are modeled in
terms of k-essence Lagrangians P (2)(χ2) = brY
2
2 [39] and
P (3)(χ3) = bm(Y3 − Y0)2 [52], respectively, where br, bm,
and−Y0 are positive constants, and Y2 = ∇µχ2∇µχ2 and
Y3 = ∇µχ3∇µχ3 are the kinetic energies of two scalar
fields χ2 and χ3 [53]. Since the corresponding energy
densities are given by ρ(i)(χi) = 2YiP
(i)
,Yi
− P (i) (where
i = 2, 3), it follows that ρ(2)(χ2) = 3brY
2
2 and ρ
(3)(χ3) =
bm(3Y3+Y0)(Y3−Y0). Then, the equations of state for ra-
diation and nonrelativistic matter are wr = P
(2)/ρ(2) =
1/3 and wm = P
(3)/ρ(3) = (Y3 − Y0)/(3Y3 + Y0), respec-
tively. Provided that |(Y3 − Y0)/Y0| ≪ 1, the matter
equation of state wm is close to 0.
The second-order action of Eq. (2.7) corresponding to
scalar perturbations is given by S
(s)
2 =
∫
d4xL2, with the
Lagrangian density [38, 39, 54]
L2 = a3
(
~˙X tK ~˙X − ∂j ~X tG∂j ~X − ~X tB ~˙X − ~X tM ~X
)
,
(4.7)
whereK,G,B,M are 3×3 matrices and the vector ~X t is
composed of the curvature perturbation ζ and the pertur-
bations of matter fields, as ~X t = (ζ, δχ2/Mpl, δχ3/Mpl).
The nonvanishing components of two matrices K and G,
which determine the no-ghost and stability conditions in
the small-scale limit, are given by
K11 = Qs +
K212
K22
+
K213
K33
, Kii = (2χ˙
2
iP
(i)
,YiYi
− P (i),Yi )M2pl,
K1i = Ki1 = −4L,Sχ˙i
MplW Kii ,
G11 = 2(M˙+HM− L,R), Gii = c2iKii,
G1i = Gi1 = − Mχ˙i
L,SMpl
Gii , (4.8)
where i = 2, 3, and
Qs = 6L,S +
8L2,S
W2 (2L,N + L,NN − 6HW + 12H
2L,S),
c2i =
P
(i)
,Yi
P
(i)
,Yi
− 2χ˙2iP (i),YiYi
,
W = L,KN + 2HL,SN + 4L,SH ,
M = 4L,SW (L,NR + L,R) . (4.9)
For the Lagrangian P (2)(Y2) = brY
2
2 of radiation,
the term K22 = −6brY2 is positive with the propa-
gation speed squared c2r = 1/3. For the Lagrangian
P (3)(Y3) = bm(Y3 − Y0)2 of nonrelativistic matter with
|(Y3 − Y0)/Y0| ≪ 1, we obtain K33 ≃ −4bmY0M2pl >
0 with the propagation speed squared c2m = (Y3 −
Y0)/(3Y3 − Y0) ≃ 0. Under the conditions K22 > 0 and
K33 > 0, the scalar ghost is absent for Qs > 0, where
Qs =
3FM2pl(5− x4)
25(2− 2√6qx1 − x3 − 2x4)2
×
[
4x21{5− (1− 6q2)x4}+ 5x3(4 + x3) + 12(2 + x3)x4
+8x24 + 4
√
6qx1(5x3 + 8x4)
]
. (4.10)
Provided that the quantities |qx1|, |x3|, |x4| are much
smaller than 1, Eq. (4.10) reduces to Qs ≃ 3FM2pl(5x21 +
5x3 + 6x4)/5. Under the no-ghost condition F > 0 of
tensor perturbations, the condition Qs > 0 is always sat-
isfied for x3 > 0 and x4 > 0. For the branch φ˙ > 0, they
translate to a3 > 0 and a4 > 0, respectively.
The propagation speeds cs can be derived by solving
det(c2sK −G) = 0, i.e.,
3∏
i=1
(
c2sKii −Gii
)− (c2sK12 −G12)2 (c2sK33 −G33)
− (c2sK13 −G13)2 (c2sK22 −G22) = 0 . (4.11)
Using the parameter αH = (L,NR + L,R)/L,S − 1 =
MW/(4L2,S)− 1, we obtain the relations G12 = K12(1 +
αH)c
2
r and G13 = K13(1+αH)c
2
m with c
2
r = G22/K22 and
c2m = G33/K33. We also define the following quantities
c2H =
1
Qs
(
G11 − K
2
12
K22
c2r −
K213
K33
c2m
)
, (4.12)
βr =
K212
K22
2c2rαH
Qs
, βm =
K213
K33
2c2mαH
Qs
, (4.13)
βH = βr + βm . (4.14)
In Horndeski theories (αH = 0), the solutions to
Eq. (4.11) are given by c2s = c
2
H, c
2
s = c
2
r, and c
2
s = c
2
m.
In GLPV theories the propagation speeds are generally
mixed each other. For the case c2m = 0, the matter sound
speed c˜m is decoupled from other propagation speeds,
such that one of the solutions is given by c2s = 0. Other
solutions to Eq. (4.11) are expressed as
c2s =
1
2
[
c2r + c
2
H − βH −
√
(c2r − c2H + βH)2 + 2c2rαHβr
]
,
c˜2r =
1
2
[
c2r + c
2
H − βH +
√
(c2r − c2H + βH)2 + 2c2rαHβr
]
.
(4.15)
In the regime |αH| ≪ 1 these reduce to c2s ≃ c2H − βH +
αHβrc
2
r/[2(c
2
H − c2r − βH)] and c˜2r ≃ c2r − αHβrc2r/[2(c2H −
c2r−βH)], respectively. Since the term βH is not necessar-
ily small even for |αH| ≪ 1 the deviation from Horndeski
theories generally gives rise to a non-negligible contribu-
tion to c2s , while the modification to c˜
2
r can be negligible
[40].
Let us estimate c2s during the radiation-dominated
epoch (x25 ≃ 1) under the condition that x4 ≫ {x21, x3}
9Figure 3. Evolution of c2t , c
2
s , c˜
2
r
, and c˜2
m
versus 1 + z for the
same model parameter and initial conditions as those used in
Fig. 1. The ratio s = b4/a4 is chosen to be s = 1/2.
with xi ≪ 1 (where i = 1, 2, 3, 4). Since φ¨/(Hφ˙) ≃
1/3 − 5√6qx1(1 − x25)/(12x4) from Eq. (3.25), we can
estimate the quantities defined in Eqs. (4.12) and (4.14),
as c2H ≃ (4 − 7s)/9− 5
√
6qx1(1 − s)(1 − x25)/(18x4) and
βH ≃ 2(1 − 3s)/9, respectively. Hence the scalar propa-
gation speed squared is approximately given by
c2s ≃
1
9
(2− s)− 5
√
6qx1(1 − s)(1− x25)
18x4
. (4.16)
To avoid the instability of scalar perturbations, the pos-
itivity of the first term on the rhs of Eq. (4.16) requires
that s ≤ 2. As x25 starts to decrease from 1, the second
term on the rhs of Eq. (4.16) is not necessarily negligible
for x4 ≪ x1 (which can happen even for x4 ≫ x21). This
second term does not become negative for s ≤ 1, so the
sufficient condition for avoiding the Laplacian instability
is given by
s ≤ 1 . (4.17)
In Fig. 3 we plot the evolution of c2s as well as c
2
t ,
c˜2r, and c˜
2
m for s = 1/2 and the model parameters same
as those used in Fig. 1. The scalar propagation speed
squared starts to evolve from the value c2s ≃ 0.387 in the
deep radiation era, which shows good agreement with the
analytic estimation (4.16). In this case the quantity x4
is initially much larger than x21, but after x4 is caught up
with x21, it becomes negligibly small relative to x
2
1 (see
Fig. 1). Once x21 dominates over x4 and x3, c
2
s approaches
1. As we see in Fig. 3, c˜2r is very close to c
2
r = 1/3, which
means that the correction to c˜2r arising from the deviation
from Horndeski theories is small. As we estimated in
Figure 4. Evolution of c2t , c
2
s , c˜
2
r
, and c˜2
m
versus 1 + z for the
same model parameter and initial conditions as those used in
Fig. 2, with s = 1/2.
Eqs. (4.4) and (4.6), the departure of c2t from 1 is of the
order of αH.
For larger initial values of x4, it happens that x4
dominates over x21 even in the deep matter era (see
Fig. 2). In this epoch the analytic estimation shows that
c2H ≃ [11− 17s+(5− 11s)x25]/36+ 5
√
6q(s− 1)x1/(18x4)
and βH ≃ (3Ωm+4x25)(1−3s)/18, so c2s is approximately
given by
c2s ≃
1
36
[
11− 17s+ 6Ωm(3s− 1) + (13s− 3)x25
]
+
5
√
6q(s− 1)x1
18x4
. (4.18)
In Fig. 4 we illustrate the evolution of the propagation
speeds for the initial conditions used in Fig. 2, with s =
1/2. Since the condition x4 ≫ {x21, x3} is satisfied by the
redshift z ≈ 10, c2s starts to evolve from the value (4.16)
in the radiation era to the value (4.18) in the deep matter
era. Indeed, our numerical results are in good agreement
with the analytic estimations (4.16) and (4.18). After x4
becomes sub-dominant to x21, c
2
s approaches 1. Since x4
is quite large during the deep matter era, this also leads
to some deviation of c2t from 1.
From Eq. (4.18) we find that c2s becomes negative for
s largely negative. Our numerical simulations show that,
for s < 0, c2s tends to decrease around the epoch x4 ≈ x21
and it temporally enters the region with negative c2s . Af-
ter c2s reaches a minimum, it begins to increase again to
approach the value 1. Combining the condition s ≥ 0
with Eq. (4.17), the Laplacian instability of scalar per-
turbations can be avoided for
0 ≤ s ≤ 1 , (4.19)
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which includes Horndeski theories as a special case.
If x3 dominates over x
2
1 and x4 during the radiation
and the deep matter eras, we obtain the approximate
relations c2H ≃ (5 + x25)/12 −
√
6qx1(1 − x25)/(6x3) and
βH ≃ (4x25 + 3Ωm)(1− 3s)x4/(15x3). Since |βH| ≪ 1, we
have that c2s ≃ c2H. Under the no-ghost condition x3 > 0,
it follows that c2s > 0. Hence this case does not provide
additional constraints on s.
C. Evolution of cosmological perturbations
We study the evolution of cosmological perturbations
after the onset of the matter-dominated epoch to confront
the model with observations of large-scale structures and
weak lensing. In doing so, we introduce the perturbations
of energy density and momentum of pressureless matter,
as δT 00 = −δρ and δT 0i = ∂iδq. The continuity equa-
tions δT µ0;µ = 0 and δT
µ
i;µ = 0 give rise to the linear
perturbation equations of motion in Fourier space, as
δ˙ρ+ 3Hδρ = −ρ
(
3ζ˙ +
k2
a2
ψ
)
+
k2
a2
δq , (4.20)
δ˙q + 3Hδq = −ρA , (4.21)
respectively, where k is a comoving wave number. The
gauge-invariant density contrast is defined by
δm ≡ δ − 3Vm , (4.22)
where δ ≡ δρ/ρm and Vm ≡ Hδq/ρm. Differentiating
Eq. (4.20) with respect to t and using Eq. (4.21), we
obtain
δ¨m + 2Hδ˙m +
k2
a2
Ψ = −3B¨ − 6HB˙ , (4.23)
where B ≡ ζ + Vm, and Ψ corresponds to the gauge-
invariant gravitational potential given by [55]
Ψ ≡ A+ ψ˙ . (4.24)
We introduce another gauge-invariant potential
Φ ≡ ζ +Hψ . (4.25)
The gravitational slip parameter characterizing the dif-
ference between −Ψ and Φ is defined by γ ≡ −Φ/Ψ.
The effective gravitational coupling Geff between Ψ
and δm is introduced as
k2
a2
Ψ = −4πGeffρmδm . (4.26)
In order to knowGeff and the growth rate of δm explicitly,
we need to solve other perturbation equations of motion.
The full linear perturbations of motion in GLPV theories
are given in Refs. [38, 41, 46]. Since we are primarily
interested in the evolution of perturbations in the low-
redshift regime, we neglect the contribution of radiation
in the following discussion.
In our model, the perturbations ζ, χ ≡ Hψ, δ, and Vm
obey
ζ′ =
5(3ΩmVm + µA)
2(5− x4) , (4.27)
χ′ =
3[5(h− 1 + 2√6qx1) + x4(1− h+ 4ǫφ)]χ− 3(5− x4)(1 + αH)A− [15 + x4 − (5− x4)αH]ζ
3(5− x4) , (4.28)
δ′ = −15(3ΩmVm + µA)
2(5− x4) +K
2(Vm − χ), (4.29)
V ′m = hVm −A , (4.30)
A =
2(5− x4)[15Ωmδ −K2{5µχ+ 2(5− x4)(1 + αH)ζ}]− 225µΩmVm
60x21[5− (1 − 6q2)x4] + 75x3(4 + x3) + 180(2 + x3)x4 + 120x24 + 60
√
6qx1(5x3 + 8x4)
, (4.31)
where µ ≡ 2 − 2√6qx1 − x3 − 2x4, k is a coming wave
number, and K ≡ k/(aH). Note that we have also used
the relation sx4 = [(1 + αH)x4 − 5αH]/3.
Let us derive the second-order equation for Vm under
the condition that x21 ≫ {x3, x4} while keeping the term
αH. Taking the N derivative of Eq. (4.30) and using
other equations of motion, we obtain
V ′′m + α1V
′
m + α2Vm = β1χ+ β2ζ , (4.32)
where α1 and α2 are time-dependent coefficients, and
β1 = − (3x1 +
√
6q − 6q2x1)K2
3x1
, (4.33)
β2 = −
√
6[6qx1(3 + 7αH)−
√
6(4αH + 3α
′
H)]K2
54x21
. (4.34)
The term α2 contains the k-dependent contribution:
α2 ⊃ −αHΩm
2x21
K2 ≡ m2αH . (4.35)
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Figure 5. Evolution of the perturbations Vm, −A, −Ψ, and
Φ for q = −0.02 and s = 1/2 with the initial conditions
x1 = 1.60×10
−2, x2 = 2.30×10
−6 , x3 = 0, x4 = 1.00×10
−11 ,
λ = 0.31, ζ = −1.02×10−6, χ = 4.86×10−5 , δ = 1.05×10−2 ,
Vm = 8.04 × 10
−5 and K = 18 at z = 99.5. In this case, the
normalized wave number corresponds to K0 = 103 today.
The parameter αH is of the order of x4, so the coefficient
−αHΩm/(2x21) in m2αH is smaller than the order of 1.
This property is different from that studied in the model
of Ref. [40], where αH is not necessarily small. In the
latter model, the mass squared m2αH can induce an oscil-
lation of Vm with a large frequency. To avoid this heavy
oscillation, the initial conditions of Vm need to be fine-
tuned as Vm = (β1χ + β2ζ)/α2 and V
′
m = 0. Otherwise,
a rapid oscillation of the gravitational potential Ψ with
its sign change is induced [40]. This rapid oscillation of
Ψ can contradict the CMB observations.
In our model, the term m2αH is not much larger than 1
for sub-horizon perturbations associated with large-scale
structures, so we can avoid the appearance of heavy os-
cillations of Ψ. In Fig. 5 we plot the evolution of the
perturbations Vm and −A as well as the gravitational
potentials −Ψ and Φ for the background initial condi-
tions similar to those used in Fig. 1 but with x3 = 0.
The initial conditions of perturbations are chosen to sat-
isfy ζ′ ≃ 0, χ′ ≃ 0, and Vm ≃ (β1χ+ β2ζ)/α2. Since the
derivative V ′m initially differs from 0, this choice does not
correspond to the fine-tuned initial conditions employed
in Ref. [40].
In Fig. 5 we find that the gauge-invariant gravitational
potentials −Ψ and Φ stay nearly constant without oscil-
lations. The perturbation A = hVm − V ′m exhibits a tiny
oscillation due to the derivative term V ′m, but this hardly
affects the regular behavior of Ψ. Choosing non-zero ini-
tial values of x3 as those used in Fig. 1, the effect of the
term x3 can even eliminate the small oscillation of A.
Recall that the sound speed squared c2s associated with
the curvature perturbation ζ is at most of the order of 1,
so the gravitational potential Φ does not possess a large
effective mass. We also have the following exact relation
Ψ + Φ
=
2χ(5
√
6qx1 + 2x4ǫφ)− ζx4(s+ 1) +Ax4(3s− 1)
5− x4 .
(4.36)
As long as x4 ≪ 1 and qx1 ≪ 1, the gravitational slip pa-
rameter γ is close to 1. As we see in Fig. 5, the evolution
of −Ψ is very similar to that of Φ.
Figure 5 corresponds to the case in which x21 domi-
nates over x4 after the end of the radiation era, but it
also happens that x4 ≫ x21 in the deep matter era for
larger initial values of x4 (such as the case of Fig. 2). In
the latter case, the term α2 in Eq. (4.32) involves the
contribution
α2 ⊃ −αH 5Ωm
12x4
K2 , (4.37)
whose coefficient in front of K2 is smaller than the order
of 1. Hence the heavy oscillating mode does not arise in
this case as well. This is consistent with the estimation
of c2s given in Eq. (4.18).
The growth rate δ′m of matter perturbations can be
measured from the observations of red shift-space dis-
tortions (RSD) at low redshifts (z < O(1)) [56]. In this
regime, the gravitational potentials−Ψ and Φ start to de-
crease due to the onset of cosmic acceleration (see Fig. 5).
Numerically, we solve Eqs. (4.27)-(4.31) to find the evo-
lution of the matter density contrast δm = δ − 3Vm.
The effective gravitational coupling Geff is known from
Eq. (4.26), such that
K2Ψ = −3
2
Geff
G
FΩmδm , (4.38)
where G = (8πM2pl)
−1.
Provided that the contributions from the terms x3 and
x4 to the perturbation equations of motion are negligible
to those involving the coupling q, the quasi-static ap-
proximation on sub-horizon scales gives rise to the grav-
itational coupling [16]
Geff ≃ G
F
(
1 + 2q2
)
. (4.39)
Numerically we have confirmed that Geff is well described
by Eq. (4.39) at low redshifts.
In Fig. 6 we show the evolution of f(z)σ8(z) for four
different values of q, where f ≡ δ˙m/(Hδm) and σ8 is the
amplitude of over-density at the comoving 8 h−1 Mpc
scale (h is the normalized Hubble constant). For in-
creasing |q|, f(z)σ8(z) gets larger, but for the coupling
|q| . 0.1, the theoretical curves of f(z)σ8(z) are not sig-
nificantly different from each other. This reflects the fact
that the term 1 + 2q2 in Eq. (4.39) is close to 1 for |q|
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Figure 6. Theoretical predictions of f(z)σ8(z) for q =
−0.15,−0.1,−0.07,−0.01 (from top to bottom) and s = 1/2.
The perturbations correspond to the today’s wave number
K0 = 100 with σ8(0) = 0.82. The initial conditions are cho-
sen to be x1 = 1.60×10
−2 , x2 = 2.20×10
−6 , x3 = 1.60×10
−7 ,
x4 = 1.10× 10
−11, and λ = 0.31 around the redshift z = 100.
The black points with error bars represent the observational
data of f(z)σ8(z) constrained from 6dFGRS [57], 2dFGRS
[58], WiggleZ [59], SDSSLRG [60], BOSS- CMASS [61], and
VIPERS [62] surveys.
smaller than the order of 0.1. As long as {x3, x4} ≪ qx1
in the regime z < O(1), the theoretical prediction of
f(z)σ8(z) for given q is insensitive to the choice of initial
conditions.
In Fig. 6 we have chosen the Planck best-fit value
σ8(0) = 0.82, in which case there is a tension between
the theoretical curves and the RSD data. This tension,
which is also present for the concordance cosmological
model [63], comes from the fact that the CMB obser-
vation favors σ8(0) larger than those constrained from
low-redshift measurements. The current RSD data alone
are not sufficient to put trustable bounds on q.
V. VAINSHTEIN SCREENING
We study how the fifth force mediated by the field
φ can be suppressed on the spherically symmetric and
static background described by the metric
ds2 = −e2Ψ(r)dt2+e2Φ(r)dr2+r2(dθ2+sin2 θ dϕ2) . (5.1)
The gravitational potentials Ψ(r) and Φ(r) are functions
of the distance r from the center of symmetry with a
matter source. Considering a situation in which the dom-
inant contributions to the background equations of mo-
tion are of the order of A4Ψ/r
2 and A4Φ/r
2, we can
derive the equation of motion for the scalar field φ under
the approximation of weak gravity (|Ψ| ≪ 1, |Φ| ≪ 1). In
GLPV theories this is given by equation (6.1) of Ref. [42]
(see also Refs. [44, 64] for the same approximation and
Refs. [65–68] for related works).
In the presence of the term a3X in C3 and the terms
a4X
2, b4X
2 in A4, B4, the latter contributions to the field
profile dominate over the former for the distance r asso-
ciated with the recovery of GR [44]. Hence, we set a3 = 0
in the following and discuss how the Vainshtein mecha-
nism works with the terms a4X
2 and b4X
2. Then, the
field equation of motion approximately reads
1
r2
d
dr
[
r2φ′(r)
] ≃ µ1ρm + µ2 , (5.2)
where a prime in this section represents a derivative with
respect to r, and
µ1 = − (qMplF − βφ
′)r
2β(M2plF − 2a4φ′4)
, (5.3)
µ2 =
1
βr
[(
1
4
ω,φφ
′2 − 1
2
a1
)
r2 − 24
r
(a4 − b4)φ′3
]
,(5.4)
β = −1
2
ωr − 12
r
(a4 − b4)φ′2 . (5.5)
The Vainshtein radius rV is defined by the distance
at which the two terms on the rhs of Eq. (5.5) become
comparable to each other, i.e.,
r2V = 24
∣∣∣∣a4(1 − s)ω(rV )
∣∣∣∣φ′2(rV ) . (5.6)
In the regime r > rV , neglecting the φ
′-dependent terms
in Eqs. (5.3)-(5.5), it follows that µ1 ≃ q/(ωMpl) and
µ2 ≃ a1/ω with β ≃ −ωr/2. Under the condition that
ω stays nearly constant, integration of Eq. (5.2) leads to
the following solution
φ′(r) =
qMplrg
ω0r2
+
a1r
3ω0
, (5.7)
where ω0 ≡ ω(rV ), and rg ≡ M−2pl
∫
ρm(r˜) r˜
2dr˜ is the
Schwarzschild radius of the source. The second term on
the rhs of Eq. (5.7) dominates over the first one for the
distance r larger than r∗, where
r∗ =
(
3|q|Mplrg
|a1|
)1/3
. (5.8)
In the regime r > r∗ the approximation of ignoring the
φ′-dependent terms in Eqs. (5.3)-(5.5) is no longer jus-
tified, so the solution (5.7) is valid only for r < r∗. In
fact, for the radius r > r∗, the expansion of the Uni-
verse comes into play, so the assumption of the static
background (5.1) starts to lose its validity.
For rV < r ≪ r∗, the solution (5.7) is approximately
given by φ′(r) ≃ qMplrg/(ω0r2). On using this solution,
Eq. (5.6) gives the Vainshtein radius
rV =
(|q|Mplrg)1/3
ω
1/2
0 M
, (5.9)
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where
M ≡ [24a4(1− s)]−1/6 . (5.10)
To avoid that rV goes to 0, we require the condition
s 6= 1. Combining this with Eq. (4.19), the parameter s
needs to be in the range
0 ≤ s < 1 . (5.11)
We also obtain the field profile φ(r) = φ0−qMplrg/(ω0r),
where φ0 is an integration constant. Provided |φ0| is of
the order ofMpl, it follows that φ ≃ φ0 for r≫ rg. Hence
the assumption that the term ω(φ) = (1−6q2)F (φ) stays
nearly constant is justified. In the following, we employ
the approximation that the terms F and ω are constants
of the order of 1.
Since the potential V (φ) = a1φ drives the present cos-
mic acceleration, we have M2plH
2
0 ≃ a1φ ≃ |a1|Mpl and
hence |a1| ≃MplH20 , where H0 is the today’s Hubble pa-
rameter. Then, the distance (5.8) can be estimated as
r∗ ≃ (|q|rgH−20 )1/3. Defining the ratio
ξM ≡ M
3
H20Mpl
, (5.12)
the Vainshtein radius (5.9) reads
rV ≃
( |q|
ξM
rgH
−2
0
)1/3
. (5.13)
As long as ξM ≫ 1, we have that rV ≪ r∗ and hence the
discussion given above is consistent.
For the distance r < rV the term µ2 ≃ 2φ′/r dominates
over µ1ρm with β ≃ −12(a4−b4)φ′2/r, so the solution to
Eq. (5.2) is simply given by φ′(r) = constant. Matching
this solution with the one in the regime rV < r ≪ r∗, we
obtain
φ′(r) =
qMplrg
ω0r2V
, (5.14)
which is valid for rg ≪ r < rV . The differential equations
for the gravitational potentials Φ and Ψ in the aforemen-
tioned scheme of approximation are given by equations
(6.7) and (6.8) of Ref. [42]. On using the approximation
A−14 ≃ −2[1+2a4φ′4/(M2plF0)]/(M2plF0) and the solution
(5.14), the integrated solutions to Φ and Ψ read
Φ(r) ≃ rg
2F0r
[
1− 2q
2
1− 6q2
(
r
rV
)2
+
a1φ r
3
3M2plrg
+
q2(1 + 2q2)rgr
3
6F0(1− 6q2)2r4V
− 2a4(1 + s)M
2
plq
4r3gr
F 40 (1− 6q2)4r8V
]
, (5.15)
Ψ(r) ≃ − rg
2F0r
[
1− 2q
2
1− 6q2
(
r
rV
)2
+
a1φ r
3
3M2plrg
− q
2(1− 4q2)rgr3
3F0(1− 6q2)2r4V
− 8a4(1 − s)M
2
plq
4r3gr
F 40 (1− 6q2)4r8V
ln
r
rc
]
,(5.16)
where rc is an integration constant.
The leading-order contributions to Eqs. (5.15) and
(5.16) are Φlead(r) = rg/(2F0r) and Ψlead(r) =
−rg/(2F0r), respectively. Other terms are corrections
to the leading-order terms, so the gravitational slip pa-
rameter γ = −Φ/Ψ reads
γ ≃ 1 + q
2(1− 2q2)rgr3
2F0(1− 6q2)2r4V
− 2M
2
plq
4r3gr
F 20 (1− 6q2)4r8V
a4
[
1 + s− 4(1− s) ln r
rc
]
. (5.17)
The maximum deviation of γ from 1 occurs around r =
rV . Substituting r = rV into the second term ∆γ1 on the
rhs of Eq. (5.17), we find that ∆γ1 ≃ q2rg/rV . If rV is of
the order of the solar-system scale r⊕ ≃ 1015 cm, we have
that ∆γ1 ≃ 10−10q2, where we used rg ≃ 3 × 105 cm of
the Sun. Similarly, using Eq. (5.9) withM6 ≃ O(0.1) a−14
and the fact that ln r/rc is at most of the order 10 for
rc between rg and rV , it follows that the third term ∆γ2
on the rhs of Eq. (5.17) is also of the order of q2rg/rV .
Hence, for |q| . 1, the local gravity bound |γ − 1| <
2.3× 10−5 [14] is well satisfied around r = rV .
This argument shows that, as long as rV is larger than
r⊕ ≃ 1015 cm, the Vainshtein mechanism suppresses the
fifth force inside the Solar System. On using Eq. (5.13)
for the Sun with H−10 ≃ 1028 cm, this condition trans-
lates to ξM . 10
16 |q|. On the other hand, the to-
day’s value of x4 defined in Eq. (3.4) is related to x1,
as x4(0) = 15x
4
1(0)/[ξ
2
M (1 − s)F ]. As we see in Figs. 1
and 2, the value of x21 at z = 0 is at most of the or-
der 10−2. Then, the cosmological bound (3.31) coming
from a viable background expansion history translates to
ξM & 10 for (1 − s)F = O(1). Hence the mass scale
M consistent with both local gravity and cosmological
constraints is given by
10 . ξM . 10
16 |q| , (5.18)
whose allowed range is broad.
Finally, around the center of a spherically symmetric
body (r < rg), there is a regular solution
φ′(r) = Cr . (5.19)
The constant C is known by substituting Eq. (5.19) into
Eq. (5.2) with µ1 ≃ −qr/(2βMpl) and µ2 ≃ −[a1r/2 +
24(a4 − b4)φ′3/r2]/β, i.e.,
C3
3M6
+ ωC − 1
3
a1 =
qρm
3Mpl
. (5.20)
Under the operation of the Vainshtein mechanism, the
first term in Eq. (5.20) is the dominant contribution to
the lhs, so that C ≃ (qρmM6/Mpl)1/3. Using the solution
(5.19), the parameter αH = −a4(1−3s)φ′4/A4 vanishes in
the limit that r → 0. Hence there is no conical singularity
at r = 0 in our model.
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VI. CONCLUSIONS
In the framework of GLPV theories, we have proposed
a dark energy model in which the Vainshtein mechanism
is at work without a conical singularity at the center of
a compact body. In the presence of a diatonic coupling
F (φ) = e−2qφ/Mpl , the field self-interactions a4X
2 and
b4X
2 appearing in the functions A4 and B4, which ex-
hibit the deviation from Horndeski theories for a4 6= 3b4,
can lead to the recovery of GR inside the Solar System.
We have considered a massless scalar field with the ki-
netic term −(1 − 6q2)F (φ)X/2, such that Brans-Dicke
theory is encompassed as a specific case. In the limits
that q → 0 and a4 → 3b4, our theories also recover a
sub-class of covariant Galileons.
We studied the background cosmology for the lin-
ear potential V (φ) = a1φ (which is responsible for the
late-time cosmic acceleration). The coupling q can in-
duce a φ-matter-dominated-epoch, but the period of
φMDE depends on the amplitude of nonlinear field self-
interactions. If the variable x4 = 10a4φ˙
4/(M2plF ) is not
initially very large, the growth of x4 ends before the
onset of φMDE (see Fig. 1). For larger x4, the field
self-interaction term dominates over the standard field
kinetic energy during the deep matter era (see Fig. 2).
In the latter case, the realization of a proper matter
era requires that the today’s value of x4 is in the range
x4(z = 0) . 10
−6 for |q| < O(0.1).
In GLPV theories the scalar propagation speed cs has
a non-trivial mixing with the matter sound speed. Under
the condition that x4 dominates over other kinetic contri-
butions in the early cosmological epoch, we derived the
analytic formulas of c2s during the radiation and matter
eras, see Eqs. (4.16) and (4.18) respectively. They are
in good agreement with the numerical results shown in
Figs. 3 and 4, where c2s finally approaches the value 1
after the suppression of nonlinear field self-interactions.
We find that, as long as the ratio s = b4/a4 is in the range
0 ≤ s ≤ 1, the Laplacian instability associated with neg-
ative values of c2s can be avoided. The deviation of the
tensor propagation speed squared c2t from 1 is as small
as x4, so there is no instability for the tensor mode.
Since c2s is at most of the order of 1, our theory is
not plagued by the existence of heavy oscillating modes
of perturbations. In fact, we have numerically confirmed
that the gauge-invariant gravitational potentials Ψ and Φ
exhibit regular behavior without heavy oscillations (see
Fig. 5). The difference between −Ψ and Φ is given by
Eq. (4.36), so the gravitational slip parameter γ = −Φ/Ψ
is close to 1 for qx1 and x4 much smaller than 1. We also
studied the growth of matter perturbations δm and found
that the effective gravitational coupling is well described
by Geff ≃ (G/F )(1+2q2) in the late cosmological epoch.
The current measurements of redshift-space distortions
alone are not accurate enough to distinguish between the
models with different values of q (see Fig. 6).
On the spherically symmetric background with a mat-
ter source, we also derived the field profile and the Vain-
shtein radius rV . The resulting solutions to the two grav-
itational potentials are given by Eqs. (5.15) and (5.16)
in the regime r < rV . We showed that, as long as rV
is larger than the solar-system scale r⊕ ≃ 1015 cm, the
gravitational slip parameter γ is within the upper bound
of local gravity experiments. For the consistency with
both cosmological and local gravity constraints, the mass
scale M = [24a4(1− s)]−1/6 and the ratio s are bounded
to be in the ranges 10 . M3/(H20Mpl) . 10
16|q| and
0 ≤ s < 1, respectively.
It is of interest to place more precise bounds on the pa-
rametersM , s, and the coupling q by employing the CMB
data combined with other observational data (along the
line of Refs. [69]). This is left for a future work.
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